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Our Result

For stiffness matrix AT of a truss structure T
with angles, element lengths, and weights in constant-bounded ranges,

our algorithm solves systems in AT
within relative error ε, in time

O(n5/4(log2 n log log n)3/4 log
1

ε
)



Support-Graph Preconditioners for Trusses

Our Result

For stiffness matrix AT of a truss structure T
with angles, element lengths, and weights in constant-bounded ranges,

our algorithm solves systems in AT
within relative error ε, in time
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Overview of Concepts

Trusses

Definition of a Truss

2-dimensional truss T = 〈n, {vi}n
i=1,E , γ〉

planar graph with vertices [n] = {1, . . . , n} and edges E

vertex i located at vi ∈ R2

edge e = (i , j) represents bar, or truss element, from vi to vj

weight γ(e) > 0 determined by bar’s material and cross-section

triangular faces of truss are called truss faces

every edge must be part of a truss face
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Stiffness Matrix

Consider the forces on a truss element (i , j)

Hooke’s Law: Fi = γ(i,j)
|vi−vj | (δi − δj) = −Fj

For infinitesimal displacements di ,dj ,
we project δi = (uijuT

ij )di and δj = (uijuT
ij )dj

where uij =
vi−vj

|vi−vj | is a unit vector parallel to the bar.[
Fi

Fj

]
= γ(i,j)

|vi−vj |

[
uijuT

ij −uijuT
ij

−uijuT
ij uijuT

ij

] [
di

dj

]

vi

Fj

vj

δi

δj
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For stiffness matrix AT of a truss T with angles, element lengths, and
weights in constant-bounded ranges we can find in time Õ(n) a
preconditioner B such that:
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The fretsaw extension of a truss T is a truss T ′ with the same faces as
T , but with some vertices split into multiple copies.

rigidity graph of T ′ subgraph of rigidity graph of T .

rigidity graph close to tree ⇒ can be quickly Cholesky factorized
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’06] yield good choice of fretsaw extension.

each edge in T is supported by “truss path” in T ′.
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Path Lemma

For truss element (i , j) and “truss path” T(i,j) of length t connecting i
and j , we have:

λmax(A(i,j),AT(i,j)
) = O(t3)

provided the angles, elements lengths, and weights are in
constant-bounded ranges.
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λmax =
distort(i , j)2∑
e∈E distort(e)2
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Move vertices one by one to final position, keeping remaining edges
distortion-free.

kth step:
Start with first k − 1 vertices in final position.

Move kth vertex some distance dk to final position.
Two green edges each get distortion Θ(dk).
Yellow edge gets O(tdk) additional distortion.
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kth pair of green edges get distortion Θ(dk).

Yellow edge (i , j) gets O(tdk) additional distortion at step k.

After all t steps:

Total distortion on (i , j): O(t
∑

dk)

λmax =
distort(i , j)2∑
e∈E distort(e)2

∼ (t
∑

dk)
2∑

d2
k

= O(t3)
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