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Abstract

We use support theory, in particular the fretsaw extensionsof Shklarski and Toledo [ST064],
to design preconditioners for the sti ness matrices of 2-dinensional truss structures that are
stiy connected. Provided that all the lengths of the trusse s are within constant factors
of each other, that the angles at the corners of the trianglesare bounded away from 0 and

, and that the elastic moduli and cross-sectional areas of athe truss elements are within
constant factors of each other, our preconditioners allow 8 to solve linear equations in the
sti ness matrices to accuracy in time O(n®=*(log? n log logn)3=#log(1=)).

1 Preconditioning

When solving a linear system in ann  n positive semide nite matrix A, the running time of
an iterative solver can often be sped up bysupporting A with another matrix B, called a
preconditioner . An e ective preconditioner B has the properties that it is much easier to
solve than A, and that A has a low condition number relative to B.

We de ne here generalized eigenvalues and condition numbsr

De nition 1.1. For positive semide nite A; B, the maximum eigenvalue , minimum eigen-
value , and condition number of A relative to B are de ned respectively as

T
X ' AX

A;B)= max —_—
max ( ) x:x2null (B) X T BX

min XTAX
x:x 2 null (A) X TBX
(A;B)= max(A;B)= min (A;B)

min (A;B) =

where x ? null (S) means thatx is orthogonal to the null space ofS.

Note that the standard condition number of A can be expressed as(A) = (A;l).
The conjugate gradient method is an example of a linear solwethat can be sped up using a
preconditioner. The precise analysis of the running time ca be found, for example, in [Axe85]:

Partially supported by NSF grant CCR-0324914.
YPartially supported by NSF grant CCR-0324914.


http://arxiv.org/abs/cs.NA/0703119v2

Theorem 1.2 ([Axe85]). For positive semide nite A;B, and vector b, let x satisfy Ax = b.
Each iteration of the preconditioned conjugate gradient méhod multiplies one vector byA, solves
one linear system jn B, and performs a constant number of vector additions. For > 0, it
requires at mostO(  (A;B)log(1=)) such iterations to produce ax that satis es

kx  xka kx Ka

1.1 Using a Larger Matrix

In certain situations it may be easier to nd a good preconditioner for a matrix A if we treat A
as being larger than it really is. That is, if we pad A with zeros to form a larger square matrix

Al= 'g 8 , it may be simpler to nd a good preconditioner B for A% We then need to show

how to use B to yield a preconditioner for the original matrix A. To this end, we de ne the
Schur complement:

Bi1 B2
B, Bz
the same size a9\, and such thatB,, is honsingular, the Schur complement of B with respect
to Ais

De nition 1.3.  For square matricesA and B = , Where square submatrixB1 is

Bs =B Bi12B,,'Bl,

While Bs will not automatically be a good preconditioner for A simply becauseB is a good
preconditioner for A% we do know that the maximum eigenvalue will be the same:

Lemma 1.4. For positive semide nite A;B, max(A®B)= max(A;Bs).
We also know that solving a linear system inBs is as easy as solving a linear system iB:

Lemma 1.5. B § = g implies Bsx = b

For completeness, we give proofs for these lemmas in AppendAl

1.2 Congestion-Dilation

SupposeF;hat we have n@tricesb\ and B that can be expressed as the sums of other matrices,
ie. A= ,AjandB = i Bi and that we know how to support eachA; by a subset of the
B; matrices. In this situation, we can use the following lemma b show howB supports A:

Lemma 1.6 (Congestion-DiIati(F_n Lemma). Give";n the symmetric positive semide nite matrices
Ag; AR BB and A= A and B = J- B; and given sets | [1;::;;m] and real
valuess; that satisfy

X
max (Ai; Bj) si
j2
it holds that
0 1

X
max (A;B)  max @ Si A
ij2



A proof of this lemma is giver[bin Appendix[Al Itis an adaptatio n of, for example, Proposition
9.4 in [BHO3]. The expression ij2 ,Si can be though of as thecongestion of matrix Bj,
analogous to the concept of congestion for graph embeddingshich we de ne in Section[4.

2 Trusses and Sti ness Matrices

De nition 2.1. A 2-dimensional truss T = m;fv;gl,;E; i is an undirected weighted pla-

v; 2 R2. We allow multiple vertices to be embedded at the same point.

An edgee=(i;j) 2 E, also called atruss element , represents a straight idealized bar from
vi to vj, with positive weight (&) denoting the product of the bar's cross-sectional area anche
elastic modulus of its material. Atruss face is a triple fi;j;k g such thatf(i;j ); (i;k); (j;k)g
E and no vertex is in the interior of the triangle formed byvi;vj;vk. Every truss element is
required to be contained in some truss face.

There is a particular type of linear system that arises when aalyzing the forces on a truss
using the nite element method. We de ne here the type of matrix we wish to solve:

De nition 2.2.  Given a truss T = m;fv;gl,;;E; i, for each truss elemente = (i;j) 2
E we dene a length 2n column vector ue = [ul = u2"]" with 4 nonzero entries satisfying
3 ud]"= ud tudl"= g 7 and we de ne the2n  2n matrix
e
Ae = #ueug
Vi Vi)

The stiness matrix  of the truss is then given by:

X
AT = Ae
e2E

Note that a sti ness matrix is positive semide nite, since for all x we have

X e X e
XTATX: #XTUeUgX: #(XTUe)Z 0
PN Vi Vil I Vi Vil
e=(vi,;vj)2E e=(vi,;vj)2E
We would like to restrict our attention to trusses with a uniq ue, well-behaved stress-free
position. To this end, we make the following de nitions:

De nition 2.3.  The rigidity graph  Qyt of a truss T is the graph with vertex set given by the
set of truss faces ofT , and with edges connecting faces that share an edge.

We say that a trussT s sti y-connected if (1) Qt is connected, and (2) for everyi 2 [n],
Q‘T is connected, WhereQ‘T is the graph induced byQt on the set of faces containing vertex.

The main contribution of this paper is an algorithm TrussSolver for solving linear systems
in sti ness matrices of sti y-connected trusses. We will de scribe the algorithm later, but we
state here the result of our analysis of the running time:

Theorem 2.4 (Main Result). For any sti y-connected truss m;fvigL,;E; i such that

all truss elements have lengths in the rangBmin ; Imax ]
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Figure 1: The truss on the right is a fretsaw extension of the tuss on the left, as given by the
fretsaw algorithm. The vertex positions in the fretsaw extension are distorted slightly so as
to be able to distinguish vertex copies in the same location.The subgraph F is shown as solid
lines, while the rest of the trusses' connectivity graphs ae shown as dotted lines. Note that the
connectivity graph of the fretsaw extension has one edge nadh F.

all angles of truss faces are in the rang¢ min ; min J-
all weights are in the range[ min ; max -

for positive constants Inin ; lmax; min; min; max, TrussSolver solves linear systems in matrix
At within relative error in time O n®*(log?n log logn)3*log(1=)

2.1 Fretsaw Extension

We will precondition the sti ness matrix using a fretsaw extension, a technique described in
[STO6d]. The fretsaw extension of a truss is a new truss cread by splitting some of the vertices
into multiple copies, without changing the identity of the t russ faces.

De nition 2.5. Let T = m;fvigL,;E; i and T® = mm;fvn, ;E% G be 2-dimensional

trusses, withm > n. Let F and FY be the sets of truss faces of and T9 respectively, Let

:FOl' F be a bijection between the faces, and let: [m]! [n] be a surjection on the vertices.
TOis the (; )-fretsaw extension of T if

for all i 2 [m], the ith vertex of TCis a copy of the (i)th vertex of T, i.e. vY=v g
for all facesf = (i;j;k ) 2 FO the vertices of facef are copies of the vertices of (f), i.e.
@Grk)=C @); G); (k)
every edge(i;j ) 2 E® has the same weight as the edge of which it is a copy, i.e¥i;j) =
(GOBRND)!
Since each vertex inT has at least one copy inT® we follow that convention that8i 2 [n] :
(i) = i. Thus, for i 2 [n], vertexi in T%can be considered the \original copy" of vertexi in T.

A fretsaw extension has the following property which makesti a useful preconditioner:

Lemma 2.6 (see[ST06a] Lemma 8.14)Let A;B be the sti ness matrices of T ; T  respectively.
Let Bs be the Schur complement oB with respect to A.
If TOis a fretsaw extension ofT, then min (A;Bg) 1=2



We give a short proof of this lemma in Appendix[A. Combining this with Lemma 1.4, we
nd:

Corollary 2.7. Let A;B be the sti ness matrices of T; T respectively. LetBs be the Schur

complement of B with respect to A, and let A= 'g 8 be the same size aB.

If TOis a fretsaw extension ofT, then (A;Bs) 2 max(A%B)

Now, consider a trussT and fretsaw extensionT © with respective rigidity graphs Qt and
Qro. By construction, every pair of faces that share an edge il © must also share an edge in
T. Thatis, if we let (Qto) = f( (f1); (f2)) : (f1;f2) 2 Qtog denote the graph isomorphic to
Qroon the faces ofT, then (Qyo) Qr.

As it turns out, for any subgraph H  Qy of our choice, we can construct a fretsaw extension
with Qto (almost) isomorphic to H. We present a linear-time construction here. For technical
reasons, this construction also takes as inputamap : [n]! F that for each vertex in T speci es
one face containing that vertex. The construction ensures hat the face in T ° corresponding to

(i) contains the original copy of vertexi. This feature will be useful later, and does not diminish
the generality of the algorithm.

Lemma 2.8. There exists an linear-time algorithm hT® i = fretsaw (T;H; ) that takes a
sti y-connected truss T = m;fv;gl,;E; i with face setF, a connected spanning subgrapl
of Qr,and amap :[n]! F from each vertex to a truss face containing it, and returns a
sti y-connected (; )-fretsaw extensionT %= hm;fvign,;E% Gi satisfying:

Lforalli2[n,i2 2 (i)

2. HO QO

3. ifjHYy=n 1+k (i.e. H%s a spanning tree plusk additional edges), thenjQ® HY k
where Q° denotesQ+o. and H%denotes 1(H) = f(f1;f2) 2 Q% ( (f1); (f2)) 2 Hg

Proof. Here is the construction, an example of which is given in Figee [1:

fretsaw (T ;H; )

First, for each vertex i in T, we create the set (i) of copies of vertex i in T
(Recall that we call i 2 (i) the \original copy".)

Let F; denote the set of faces off containing vertex i, and let H; denote the graph induced
by H on F;. For each connected component oH;, we put one copy of vertexi in T2 The
original copy is assigned to the connected component dfl; containing face (i).

Now, for f 2 Fi, let (i;f )2 (i) denote the copy of vertexi that is assigned to the component
of H; containing f . It is straighforward to construct the faces of T ©

For each facef = (i;j;k) of T, we create a face (f)=( (i;f); (j;f); (k;f))in TC

The rst property is directly enforced by the construction.

To see why the second property holds, consider an edgé(f,) 2 H, where (;]j ) is the edge
shared by facesf; and f,. Since edge {(1;f>) is present in both H; and H;, faces 1(f41) and

1(f,) will share the same copies of vertices and j, and so they too will share an edge.



As for the third property, suppose that HOhasn 1+ k edges, and thus divides the plane
into k regions. It su ces to show that each such region contains at nost one edge inQ® H°®

Let (f1;f2) be an edge inQro) HC Let (i;j ) be the edge shared byf; and f,. Let Q° and
H? QP denote the graphs induced onF; by Q%and H °respectively.

Sincef; and f; share the verticesi and j, we know there must a path fromf; to f, both
in HYand in HY. Of course neither path contains the edge f(;; f »), since it is not in H% The
only possibility then is that QPis a cycleH[f (f1;f2)g, where HCis a path from f; to f,, and
similarly for QP. Thus QY[ QP = HP[ H[f (f1;f2)g, and so (1;f2) is the only edge of Q°

inside the region enclosed by cycled ?[ Hjé. O

3 Path Lemma

We will need to construct a fretsaw extension with a truss matix that can be solved quickly. In
particular, the fretsaw extension we construct will have a onnectivity graph that is close to a
spanning tree (i.e. close to havingh 1 edges), because we can e ciently nd a sparse Cholesky
factorization of its truss matrix. The following result is p roven in Appendix (?somewhere?):

Lemma 3.1. Let A be the stiness matrix of an n-vertex truss T, where Qt comprises a
spanning treeR plus a setS of additional edges. A Cholesky factorizationA = PLLTPT can be
found in time O(n + jSj372), where P is a permutation matrix, and such that systems in lower
triangular matrix L can be used to solve systems iA in time O(n + jSjlogjSj).

Now, of course we want to construct a fretsaw extension whosguss matrix provides good
support for the original truss matrix. If we can give a supporing subset of faces in the fret-
saw extension for each element in the original truss, then weean use LemmalLlb to bound
the maximum generalized eigenvalue. To this end, we show thaa simply-connected set of
faces that connects two vertices supports the matrix of an ement between the pair of vertices
proportionally to the cube of the number of faces:

Lemma 3.2 (Path Lemma). Let T = m;fv;g,;E; i be ak-face simply-connected truss, and
let ep be a truss element with weight (ey) between any pairvp;vq 2 V of vertices in the truss,
such that in T and e

all truss elements have lengths in the rangBmin ; Imax |
all angles of truss faces are in the rang¢ min ; min |-
all weights are in the range[ min; max -
for positive constants|min ;Imax; min; min; max- Then:
max (Aeo; A7) = O(K®)

We rst note the simply-connected truss T must contain a simply-connected subset of faces
whose rigidity graph is a path, such that the rst face in the path is the only one containing
vertex p and the last triangle is the only one containing vertexq. Thus, without loss of generality
we may assume thatT is itself such a \truss path”, because removing the extra faes can only
increase the value of pax.

Let us then number the faces in the path in orderf;:::;f,, and let us number then + 2
vertices as follows:



Figure 2: A truss path from v to v i1, with triangles and vertices labeled appropriately.

Let p=0 be the vertex in f1 but not f,.
Let vertices 1 and 2 be the pair of vertices shared by, and f .
For3 i n+1, letibethevertexinf; 1 butnot f; ,. (In particular, gq= n+1.)
Furthermore, for 2 i n, consider the labeling of the three vertices inf; 1
i is one of the vertices shared byf; 1 and f;.
Let s(i) denote the other vertex shared byf; ; and f;.
Let (i) denote the vertex inf; 7 but not f;.
For completeness, denes(1) =0;s(n+1)=n; (h+1)=n 1,soforl i n:
fi=fs(i);i;i +1g=1f (i+1);s(i+1);i+1g
and the set of truss elements is given by:

+1
E=fO;Dg[  f(s(i);i);( (i);i)g
i=2

An example of this labeling is given in Figure[2.
In the proof we make use of the following canonical de nitionof a perpendicular vector:

" : : X .
De nition 3.3.  The counterclockwise perpendicular of a vectorx = xl 2 R?is
2

? X2
X1



We note some useful properties of the perpendicular:
Claim 3.4. Forany x;y;z 2 R%
(X)) = (x?)

L(x+y)? = x4yt

N B

3. jxTy?j=jxjiyji sin j where is the dierence in angle betweenx andy

x NT(x 2)? _
4 x N7 2)? 1

T 2T 1 0
5. JTor t Yryr =
yTx? xTy? 0 1

?

Proof. The rst three properties are trivial.
: T (x 2)? _ (x )T(x y)? L x )Ty 2)?
The fgurth can easily be seen b)(x Tl 27 R DL 0+1
Here is a proof of the fth:

?

x7yT L yIxT 1 X2y1  X2Y2 1 X2  Xay2 _ 10 _,
yTx?  xTy? = xoy1 Xay2 X1 Xz Xay1 Xayz  Xayr Xy 0 1
O
:
Now, let X =[XgXq;:::; X, 1)1 be a vector that maximizes iTﬁeTO;( over all values ofx.

Let x; denote Ky 1; X1
In particular we choose anx such that (x; X) is parallel to (v1 Vo), by taking advantage
of the following property of the null space:

xR is in the null space of bothAe, and At.

Proof. For the matrix Ae of any single elemente = (i;j ), we have:

R _ TyR _
AeX = —————UelgX ™ =

I J i j

O

Note that we can eliminate the component ofx perpendicular to (v1 Vo) by adding the
appropriate multiple of xR.

Now, let us focus momentarily on a single vertex, and the two elements §(i);i) and ( (i);i)
that connect vertex i to lower numbered vertices. The termsx T A gi)i)X and xTA( (j)i)x are
zero respectively when

(Vi Vsi)T(Xi Xgi) =0

and
Vi v aTxi x @)=0

Supposing we setX i) = X (i and x ) = X (i We would like to de ne d; to be the vector
such that setting x; = x;  d; satis es both of the above equations.



In particular, we de ne the vectors

X1 Xp i=1

Xi  Xgiyt Ri(xs(i) X (i)) 2 i n+l1
where

Vi Vi)' (vi v )T

Vi v i)Tvi vep)?

We claim that these satisfy the following properties:

R =

Lemma 3.6. The following are properties of thed;s:
1. Forall (ji)2E,j<i:
(vi vp)T(x; x))=(vi v)Td;

2. For all i:

X s(i)J Imin sin min 1aj)
j=1
Proof of 1. The statement is trivial for element (0; 1) There are two other types of elements we
must consider: (i);i) and ( (i);i).
For an element (s(i);i) we have:

(v

Vs (Vi Veiy)? (Vi Vi) Xy X gy)
Vi v @i)Tvi vgi)?

(Vi Vsi) di= (Vi Vi) (X Xgp)
= (Vi Vi) (X X)) T 0

using the fact that (vi Vvgsa)T (Vi Vgiy)® =0

For an element ( (i);i) we have:

(Vi va)Tdi=(vi v )T Xs(i))+(vi Vi) (Vi V)’ (Vi V)T (Xggy X ()

Vi v i)Tvi vep)?
= (vi V(i))T(Xi X)) T (Vi V(i))T(Xs(i) X (i)

=(vi v i x )

Proof of 2. Fori 2, using the fact that fs(i); (i)g= fs(i 1);i 1g, we have
Xi Xgiy=di Rilxgyy Vv p)=di Ri(Xj 1 Vg 1)
Sincex,; Xy = di, we recursively nd that
i 1
Xi xgpl T dij+  J(RiRi 1 Rjs)djj
ji=1



The following nishes the proof:

JRiRi 1 Rj+1djj |

= (v vay) Yoo vk V)TV 1 Vs )’ (Vi Y Gep)'d)
i s(i) e (Vk V (k))T(Vk Vs(k))? (Vi+1 Vv (j+1))T(Vj+1 Vs(i+1))?
_ !
s vy MV 00) Ve V) ViV gen)'d;
i s(i) sz (Vi V (k))T(Vk Vs(k))? (Vj+1 Vo(j+1) )T(Vj+1 Vs(i+1))?

by the fact that fs(i); (i)g=fs(i 1);i 1g

Y (Vi+1 VvV (+) )de

= (Vi Vgi)’ ( 1)
| 0 k=] +2 (Visz V1)) T(Vjs1  Vsap))?

by Claim BZ.4
(Vi Vsi))?(Vis1 Vv 1)) dj
(Vi+1 VvV +0))T (Vi1 Vgi+1))?

Vi Vs@livi+r Vv (j+1)lidj]
Vst VoG livist Vsgenisin min

by Claim B.4.3

_ Vi Vg@ilidj]
jVi+1  Vs(j+1)iSin min

I max jdjj

Imin SN min

To nish proving the path lemma, we will need to use the following fact:

Lemma 3.7. Let uj;u» be unit vectors whose angles di er by .

(ulv)? . (ulv)? sin? jvj?
a b a+b

Proof. Let be the angle betweeru; and v.
We must show that 2cog + fco( + ) ipsin?

Recall that we wish to prove

(X )T AgX

max (Aey; AT) = (X )TATX

Then for any v and a;b > 0:

= O(n%)



Let us rst bound the denominator (x )TATx .

13

(x )TATX
-1
=(x )TAgyx + (X )T AG@y X + (X )AL iy X
i=2
’ Vi Vo T 2 ° Vi Vs(i) T 2 Vi V(i) T 2
§ Nive (X1 Xo) W% NMovenl  Ki Xsqy) Moy ol K X ) gg
: i + : : + : :
m Vi Vol . Vi Vg Vi Vol
2 0 13
Vi Vg Td. 2 Vi Vo) Td_ 2
jd1j2 X+ Vi Vsl ! Vi vl :
= min g—m— + — - + — -
Vi Vol Vi Vgil Wi Vol
by Lemmal[3.6 and the fact thatd; = x; X, is parallel to (v1 Vo)
mn 1 #
g2 X Sin?_min jd i}
™ vy voj o Vi Vst Vi Vo]
by Lemmal3.7
1 . L
X min sin? mianiJ2
i=1 2l max
Next we bound the numerator:
n T #2
T _ (e0) Vn+1t Vo
X ) AgX = : - : - X X
( ) €0 JVn+l VOJ JVn+l VOJ ( n+1 O)
T [X et Xol
Imln
T e Kemend * X Xeoenyl* X1 Xl
I min n+l s(n+1) s(n+1) | s(s(n+1)) 1 0
1 © 2
max (n+1) I max X jdij
o max |
min Imin SIN min -1

by Lemmal[3.6

Combining the above, we get:



(X )T AgX

A ,A = > 7 =
max( € T) (X )TATX
P .2
2 lmin > max o in;lljdij 2
sin® .. [ ) P n+l id.i2 (n +l)
min max min i=1 ]di]
. 32 |min 3 méx (n +1)3
SIN® min |max min

where the last inequality follows from Cauchy-Schwarz.

4 Graph Embeddings

Our remaining task is to describe how to map edges to supportg face sets with low congestion,
as required for Lemmal1.6. We need some graph theoretic notis which will inform how we
choose to support the edges.

For a graph with edgesE, we useP (E) to denote the power set ofE. Thus P(E) includes
all paths in the graph.

Let us de ne the notion of embedding vertex pairs of a graph iro paths in a subgraph:

De nition 4.1. For an unweighted graph(V;E), a subgraphH E, and a setZ of pairs of
vertices in V, an embedding of Z ontoH isamap :Z!P (H), where (v;w) H isa
path in H whose endpoints arev; .

The stretch of isstr( )= ,,7] (2)]. h i
The congestion of iscony )=maXion  ,07:2 ()] (2i

A particular example is embedding the edges of a graph onto apanning tree:

De nition 4.2.  For an unweighted connected grapliV; E) and spanning treeT E, let T(v;w)
denote the path inT that connectsy to w.
The stretch of T isstr(T) = g jT(e)j.

We will make use of algorithms that take a graph and generate aspanning tree, augmented
with a few additional edges, such that given vertex pairs hae a low congestion embedding into
the augmented tree. First, we need to create a low stretch-sgpnning tree. The best known result
is from [EESTOG]:

Theorem 4.3. There exists an algorithmT = LowStretch (G), that takes a connected graplt =
(V;E), runs in time O(jEjlog? JEj), and outputs a spanning treeT with stretch O(jEj log?jVjlog logjVj).

We can then use the low-stretch spanning tree to create an augented spanning tree with
the desired low congestion embedding. This algorithm is gien in Appendix [Bt

Theorem 4.4. There exists an algorithm S = LowCongestAugmeiiG; T;Z; ;k ) that takes a
planar graph G = (V; E), a spanning treeT of G, a setZ of pairs of vertices in V, an embedding

:Z 1P (E), and an integer k. The algorithm runs in time O(jEjlogjVj+ cong )jEj) and
returns a set of edgesS E of size at mostk, such that there exists an embedding : Z !
P(T [ S) with congestion O(#str (T)cong( )).



1.
2.
3.

TrussSolver (T ; k)

Let A be the stiness matrix of T = ;fv;gl,;E; i, and let F be its face set.

Dene :[n]! F to map vertex i to an arbitrary face in the set F; of faces containingi.
Run R = LowStretch (Qt) in time O(n log? n).

Dene Z = f( (i); ()):(i;j) 2 Eg.

De ne an embedding :Z!P (Qt), bydening ( (i); (j)) to be an arbitrary path from
(Hto (j)in F[ Fj. (We know F; and F; intersect because some face contains edgej().)

Run S = LowCongestAugmeliQr;R;Z; ;k ) in time O(nlogn).
Run hT® i = h&wCE® §; i = fretsaw (T;R[ S; ). Let B be the truss matrix of TC

Use Lemmd3. to nd a Cholesky factorizationB = PLLTPT in time O(n+ k3%), such that
L can be used to solve equations iB in time O(n + klogk).

Run preconditioned conjugate gradient usingBgs, the Schur complement of B with respect
to A, as the preconditioner. UseL to solve equations inBs, by solving equations inB (se€
LemmallB).

The relative error will be down to  after O(p (A;Bg)log 2) iterations.

Figure 3: The TrussSolver algorithm

5 Solving the Linear System

In Figure Blwe present the completeTrussSolver algorithm for solving linear systems in matrix
a A that is the sti ness matrix of truss T = m;fv;gL,;E; i with face setF. The algorithm
preconditions A using the stiness matrix B of a fretsaw extensionT?= tm;fvin, ;ES §
with face set FO The algorithm uses a parameterk that will be chosen later. We will
show that (with the right choice of k) the algorithm attains a relative error of in time
O n°#(log® nloglogn)3=*log 1

We want to use the Congestion Dilation Lemma (Lemmal[L®) to gve an upper bound

on (A;Bsg). Recall that for A =

A O

0 0 of the same size asB, Corollary .7 says that

(A;Bs) 2 max(A%B). To bound max(A%B), for each edge p;q) 2 E we will give a face
subsetFF?;q F 9 connecting p to g, such that this embedding of edges to truss paths has low

congestion.
In partlcular let Ep, E°be the set of truss elements in the face$q, so that T, =
hm; fvg EQy G is the \subtruss" of T°comprising the facesFp,q. Lemmal[3.2 states that
max (A(pia)i ATpq) = O(Fpici®)
so Lemmal[L® yields X

max (AGB)  max O(Foqi®)
(pig)2E:€2EQ,



It remains for us to describe the truss pathsTp?q that yield the desired bound.

Recall that we have constructed a subgraptR[ S 2 Qr, for which the LowCongestAugment
algorithm guarantees that there exists an embedding :Z !P (R[ S) of low congestion. Let
us denote pq= ( (p); (@), thepathin R[ S Qg connecting (p) to (g). Map this path

back into Qroto get the path 0. = ( pg) = f( *f1); (f2)): (f1;f2) 2 pgg. We then
form T0 from the set F0 of faces in gq

Let us rst determine the congestion of more precisely. The algorithmsLowCongestAugment
and LowStretch guarantee respectively that cong( ) = O(kstr(R)cong( )) and str(R) =
O(n log? nlog logn).

As for cong( ), we have

X
cong )= rqg%xT i (2)] max| (2)j g;%XJfHZ 92 (2)9j
z2Z:92 (2)

Now note that for all i, jFij % = O(1). Since any ( i; j) only contains triangles in T;[ Tj,

j C(); (1) =0(1), and so maxzzj (2)j = O(1).
Similarly, say that g 2 Qt is a pair of faces sharing the edgei;j ). Sincei and|j are the
only vertices that the pair of faces have in common, can only be ina path ( ; ) if one of
or isiorj.Sojfz:q2 (z)9] jf (; )2E: =ior =jg %z O(1).
Thus, cong( ) = O(1) and cong( ) = O({ log® n log logn).
We now have:

(A;Bs) m O(F2qi®)

(p;q)2 E:e2 Ep;q

e2 E 0 qu
(pig)2E:
e2E8
0 1,
= O% max jo j§
1)2Qro p;qQ)2E: P
0 (f 1i)2 9q 1,
%f.f )2R[S I bl
p:a)2E:
0 (f fJ)2 P 1,
= O% max i (z)j§
fif)2RIS
(fisfj)2 (2)
= O(cong ))3

" l0g? nloglogn)?
0] F(og nloglogn)



Steps 1-4 take timeO(n log? n + k372). Each conjugate gradient iteration takes time O(n +
klogk), and the number of iterations is
n3=2

p— _
(A;Bs)log 1. O(—— (log® nlog logn)3?)log 1

K3=2
Thus, our total running time is:

O nlog?n + k32 + n%2k 32(log?nloglogn)®¥(n + klogk) Iog}

For k = n5%(log? n log logn)=2 this gives a running time of O n>*(log®nloglogn)®**log .

References

[Axe85] O. Axelsson. A survey of preconditioned iterative nethods for linear systems of
algebraic equations.BIT Numerical Mathematics, 25(1):165{187, March 1985.

[BHO3] Erik G. Boman and Bruce Hendrickson. Support theory r preconditioning. SIAM
Journal on Matrix Analysis and Applications, 25(3):694{717, 2003.

[EESTO06] Michael Elkin, Yuval Emek, Daniel A. Spielman, and Shang-Hua Teng. Lower-stretch
spanning trees. SIAM Journal on Computing, 2006. To appear.

[STO6a] Gil Shklarski and Sivan Toledo. Rigidity in nite-e lement matrices: Su cient condi-
tions for the rigidity of structures and substructures, 2006.

[STO6b] Daniel A. Spielman and Shang-Hua Teng. Nearly-linar time algorithms for precon-
ditioning and solving symmetric, diagonally dominant linear systems. Available at
http://www.arxiv.org/abs/cs.NA/0607105 , 2006.

A Preconditioning Lemmas

We rst prove several lemmas dealing with the Schur complemat. Recall that the Schur com-

Bi1 B . 1nT
iIsBsg =B B1,B,5B
B :1L—2 B 7 S 11 125y B 12

Lemma A.1. If B is positive semide nite then for any x

plement of B =

X
= x "BgX

min x' y' B
y
Proof.

x" y' B = X'BuX + X'Bray + Y B{Xx + y By

< X

= X'(B1z B12B,iBl)X + X BBy BLox + X TBioy + Yy BIx + y T Boy
= X"Bsx +(y + By'B{X)"Baa(y + By'B{ox)
T
0 0
T
= X Bgx + B
S y + Bzlezzx y + Bzlezzx

x TBgx



The last inequality holds becauseB is positive semide nite, and it is an equality for y =
B, BIx. O

Lemma 1.4. For positive semide nite A;B, max(A%B)= max(A;Bs).

Proof.
xT yT A0 X
max(AQ.B) = rr}(a;< ))(/
T oxT yT B
y y
x T Ax
T o xT yT B
- max XLAX
X" xTBgXx
= max (A;B's)
The third equality uses Lemma A.1. O
X b .
Lemma 1.5. B y = 0 implies Bsx = b
1
Proof. Multiplying by 1) Bllszz gives:
| Bi2B,,; B B X _ | B12B,; b
0 | B;er B> Yy 0 | 0
Bs 0 X _ b
B;er Bzz Yy 0

O

Lemma 1.6 (Congestion-DiIati(an Lemma). Give.g‘n the symmetric positive semide nite matrices
Ag; AR By B and A= Ajand B = J- B; and given sets | [1;::;;m] and real
valuess; that satisfy

X
max (Ai; Bj) si
i2 i
it holds that
0 1

X
max (A;B)  max @ Si A
ij2



Proof. Let us write A 4 B to mean that B A is positive semide nite. We are given that

X
A 4 s Bj
j2 i
So we have:
X
A= Aj
XX
X 1%
j 01:12 1

O

Lemma 2.6 (see [ST06a] Lemma 8.14)Let A;B be the sti ness matrices of T ; T ° respectively.
Let Bs be the Schur complement oB with respect to A.
If TOis a fretsaw extension ofT, then min (A;Bsg) 1=2

Proof. SupposethatT = hm;fvigh,;E% Gisthe (; )-fretsaw extension ofT = m;fvigl,;E;
Dene M to be the 2n  2m matrix that for all i 2 [n];] 2 [m] satis es

(
Mo 1 My _ I i= ()

My 1 My 0 otherwise

and note that for an element (i;j ) 2 E© A i) Gy = MA)HM T. However any element inT is
part of at most two faces, and so can have at most two copies im% Thus, A4 MBM T 4 2A.
Recalling that (i) = i, we note also thatM takes the form | M for some (- 2m) 2m
matrix M1. Thus, for any x, we have:
2x T Ax X TMBM Tx
- T T X
X Mix' B MlTx

x TBgx

where the last inequality holds by Lemma A.1. O



B Augmented Spanning Tree

We give a proof of Lemma 4.4, which we restate here for conveemce. It is a generalization of
an algorithm from [STO06b].

Lemma 4.4. There exists an algorithm S = LowCongestAugmelG;T;Z; ;k ) that takes a
planar graph G = (V; E), a spanning treeT of G, a setZ of pairs of vertices in V, an embedding

:Z 1P (E), and an integer k. The algorithm runs in time O(jEjlogjVj+ cong )jEj) and
returns a set of edgesS E of size at mostk, such that there exists an embedding : Z !
P(T [ S) with congestion O(¢str (T)cong( )).

We need to make use of the following tree decomposition algihm from [STO6b]:
Theorem B.1 ([STO06b] Theorem 8.3) There exists a linear-time algorithm
((Wq; 5 We); ) = decomposé€T; E; ; k)

that on input

a tree T on verticesV

a setE of edges forming a planar graph ori/

a functon :E! R?

a positive integer k P we (6

outputs setsW;::;;We  V, wherec k, and a function that maps each edge irE to either
a set or pair of sets infWz;:::;; Wcg such that:

V=[W,andforalli6j, W[ Wj 1
for all i, the graph induced byT on W; (which we denoteT;) is connected

for each (u;v) 2 E, there are i;j (possibly equal) such thatu 2 W; and v 2 W, and
(u;v) = fWi;Wjg

the graphHc|;f(i;j) : 9e2 E s.t. (e) = fW;; W gai is planar

for all W; such thatjw;j > 1,

X X
@ @

e2E:W;2 (e) e2E

We can now prove the lemma.

Proof. Here is the LowCongestAugmenalgorithm:



S = LowCongestAugmeritV;Ei;T;Z; ;k )
1. For eache2 E, dene (€)= i 262 (2) P o (2 iT(E)]
2. Set ((Wq; 1 We); ) = decompos€T; E; ; b&c).
3. LetEj; = fe2 E: (e)= fW;;W;gg. For all nonempty E;; de ne

Sij =arg min jT(e)]
[N}

and let S be the set of all thes;; .

Let us analyze the running time. In step 1, we must compute (e) for all e 2 E. First we
compute and recordjT (e)j forall e2 E. [STOBtH, gives a method to do this in timeO(JEj logjV}j).
We can then compute each (e€) by summing .., (Z)j (z)] cong ) of the jT(e)j values.
This gives a total time of O(jEjlogjVj+ cong )E]j) for step 1, and the remaining steps clearly
run faster than O(JEjlogjV]).

Let also note that jSj k. This follows from the fact that the graph Hcl;f(i;j) : Ej; 6 ;gi
is planar and hasjSj edges. Since a planar graph om k=3 vertices cannot have more than
3c 6<k edges, we have thafSj k.

Now let us demonstrate the existence of a low congestion embding. For each (v;w) 2 E,
letus dene apath (v;w)in T[ S from v to w, as follows:

If (v;w) is a singletonfW,g, then we simply de ne (v;w) = T(v;w)
Note that (v;w) T;.

If (v;w) is a pair fW;;W;g, then let (v&w% = si; 2 Sand dene (v;w) = T(v;V9 [
f(VewWOg[ T(WSw).
Note that
(viw)  Ti[ Tj [f sijg
and that
j(viw)i § Tvw)j+TOwW) +1 0 T (v w)j

Furthermore for (viw) 2 S, dene (V;W)= [ e (vw) ().

Fix an eg 2 T[ S. By construction of , e can be only in a path (z) if it is either in S or
in some subtreeTy.

With this in mind, de ne o such that T, is the subtree containinge. (There is at most one
such tree, but if there is none then chooseq arbitrarily.) Dene i4;i> such that if e 2 S then
e= z,,. (If e62S then chooseiy;i, arbitrarily). Thenforany z2 Z,if e2 (z) then at least
one of the following must hold:

For somee2 (z), Wi, 2 (e).
For somee2 (z), (€)= fW;,;Wi,0. (In particular, W;, 2 (e).)

Thus we can bound the congestion of on eg:
X X X
i (2] i (2] i (2
z:e02 (2) z:fe2 (2):Wi,2 (e)gs; z:fe2 (z):Wi,2 (e)gs;



We note that for any i:

X . . X X . .
j (2] j (2]
z:fe2 (z):W;2 (e)g6; e:W)i(Z (e)z:e)z( (2) | |
i (&9
e:Wi%((e)z:eZX(z) e )éz) . |
3 G
e:W>i<2 (e)z:e2 (2)e2 (2)
= 3 (e)
eW;2 (e)
12X
3 (e)
e2E
Thus:
X 24X
i (@i i (e)
z:e02 (2) e2E
24X X X
= G

e2E z:e2 (2)eR2 (2)

24 X X
= iT(E%) i (2]

eRE z:e2 (2)
24 X o
© 1T(jcond )
eRE

= 2—k4$tr (Tcong )

Since the choice ofey was arbitrary, we have

cond| ) %str(T)cong( )
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